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Abstract 

In this paper, we propose a mechanism which induces nontrivial flavor structure 
from transformations of a noncompact Lie group SL(3,C) in noncommutative ge¬ 
ometry. Matrices L G SL(3,C) are associated with the preon fields as aL,R{x) —>■ 
LL,RaL,R{x). In order to retain the Hermiticity of the Lagrangian, we assume the 
same trick when is replaced by 'fih to construct a Lorentz invariant Lagrangian. 
As a result, the Dirac Lagrangian has both of flavor-universal gauge interactions and 
nontrivial Yukawa interactions. Removing the unphysical unitary transformations, 
Yukawa matrices found to be Yij = L^^kLn Aj^uj^kJjRAR. Here, A: is a coefficient, 
[/ is 3 X 3 unitary matrix and A is the eigenvalue matrix A = diag(Ai, A 2 , A 3 ) with 
A 1 A 2 A 3 = 1. If are originated from a broken symmetry, the hierarchy and 
mixing of flavor can be interpreted as the “Lorentz boost” and the “rotation” in 
this space respectively. 


1 Introduction 


Although the Higgs boson was found at the LHC , the existence of the particle sheds 
further conundrums, e.g., its theoretical origin, the hierarchy problem, and the flavor 
puzzle. Among various theories which try to clarify the origin of the Higgs boson, the 
Yang-Mills-Higgs model in noncommutative geometry (NCG) 0 is an elegant possibility. 
In this model, the Higgs boson is identified the gauge boson of the fifth dimension that has 
the noncommutative differential algebra. In this context of NCG, usually the nontrivial 
flavor structures are introduced by hand to the distance of the extra dimension, M 
M ® Kij, Kij = (Yu, Yd, Ye)ij in proper representation spaces [|, |^. A lot of paper treats 
the intricate flavor structures in the Standard Model 0 as one of the “principles” or 
“axioms”. Meanwhile, in the phenomenological region, innumerable theories and models 
has been proposed to explain the flavor structures. For example, continuous or discrete, 
hundreds of flavor symmetries [^, the flavor textures |^, an empirical mass relation |^, 
and so on. 

In this paper, we propose a mechanism which induces nontrivial flavor structure from 
transformations of a noncompact Lie group SL(3,G) in NGG. Matrices L G SL(3,G) 
are associated with the preon fields as aL,R(x) —?• LL^RaL,R(x). In order to retain the 
Hermiticity of the Lagrangian, we assume the same trick when '01'^ is replaced by 
to construct a Lorentz invariant Lagrangian. As a result, the Dirac Lagrangian has 
both of flavor-universal gauge interactions and nontrivial Yukawa interactions. Removing 
the unphysical unitary transformations, Yukawa matrices found to be Y^- = —)■ 

K^U^kUpiKdi. Here, /c is a coefficient, f/ is 3 x 3 unitary matrix and A is the eigenvalue 
matrix A = diag(Ai, A 2 , A 3 ) with A 1 A 2 A 3 = 1. The Yukawa matrices in the real world 
are indeed more intricate, slightly different to the color and isospin of the each fermions. 
However, introducing the charge dependent Ll,r, we can induce more realistic flavor 
structures. 

It is intriguing that the Yukawa matrix is a restricted class of the seesaw like formula of 
the partial compositeness [|T^ in the composite Higgs model [^: yu,d 
where \q^u,d-, Y^'^ are arbitrary matrices, Mq^u are diagonal matrices. Then, we can use 
the same formulation to the composite Higgs model in analyzing the Yukawa matrices. 
Inversely, it might be possible to divert the idea of SL(3,G) transformation to the partial 
compositeness. 

If the matrices Llr are originated from a broken internal symmetry SL(3 ,G)lX 
SL(3,G)«, the matrices L correspond to the “Lorentz transformation” of the internal 
symmetry, and then, the hierarchy and mixing of flavor are interpreted as the “Lorentz 
boost” and the “rotation” respectively. 

This paper is organized as follows. In the next section, we review the extended Dirac 
Lagrangian of the generalized gauge theory in NGG. In Sect. 3, the mechanism induces 
nontrivial flavor structure is presented. Section 4 is devoted to conclusions. 


1 





2 The extended connection and the Dirac Lagrangian 


At the beginning, we briefly review the Higgs mechanism in NCG. The following discns- 
sions are only confined in the fermionic sector, and those of bosonic sector are fonnd in the 
review [^. The spacetime is x Z 2 , taken as the prodnct of the nsnal Minkowski space 
and the two discrete points. The coordinates are represented = {x^,y = ±). Then 
it leads to the relation = 1 , ydy = —dyy, which leads to the spontaneons symmetry¬ 
breaking mechanism. In particnlar, we rename the five-dimension as y = (-I-, —) = (L, R). 
The extension to the M'^ x Zn is straightforward. 

The preon held a* is given as a diagonal matrix [|^ 

i^fa\x,L) 0 ^^faiix) 0 \ .. 

VO a\x,R)J~\ 0 aV(a:)J’ 

where each a\ ^ are also matrix-valned fnnctions. The exterior derivative is defined by 
the commntator 


da* = [D, a*], D 


f d iM\ 
\-iMi d ) ’ 


( 2 ) 


where d = d^j^dx^. The matrix M determines the pattern of the symmetry breaking. We 
take the M as a pnre imaginal valnes, as in the old matrix formnlations [jl^, in order to 
retain the 7 ® is real. The extended connection is introdnced as in Ref. [O 


i i ^ ' 

where the index of snm i is assnmed to be finite. In the components, 

^(L,R) = ~ ^L^^R ~ ( 4 ) 

i i 

which satisfies the anti-Hermite condition = —A, ^ We abbreviate the 

index i hereafter. 

The chiral fermions are assigned on each points as 




V^S,^V’ 


'iIj{x,L) ='iIjl, 'ip{x,R) = ijR. 


(5) 


In order to describe the Dirac Lagrangian, we introdnce the covariant derivative for 
fermions 


Dm — dM + Am — 


d, 


fi T Ar^ 
0 


+ A 


R/i 


A 


0 M + ^ 
-M - <I)t 0 


( 6 ) 
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( 7 ) 


Rescaling the connection Am —t qAm^ the Dirac Lagrangian is given by 


Co = 




-n^H\ f'lpA 
ipR ) \Pr) ’ 


(^L V’i?) 


M\ (rA,, 
V M iYdJ ^ V 


<h \1 fi^L\ 
YAr^J\ \i/JrJ ’ 


( 8 ) 


where = ( 7 ^, * 7 ®) that satisfies the Clifford algebra Redefining 

the four-dimensional connection Ar^r —IAr^r (because they are anti-Hermite), the 
covariant derivative are P{l,r) = — igA^R^R^p. H = M + g^ is regarded as a 

physical Higgs field with nonzero vacuum expectation value. In the last line the is 
removed by a proper chiral transformation. The field $ is also normalized in order to 
obtain the canonical kinetic term {D^HYD^H G F^^Fmn- Note that the vector space 
in Eqs. ( 0 ).® is not the space of the Dirac matrices but discrete Z 2 points in x Z 2 . 


3 Nontrivial flavor structure from noncompact Lie 
group 

Next, we propose a mechanism which induces nontrivial flavor structure from transforma¬ 
tions of a noncompact Lie group SL(3,C) in NCG. The spacetime is enlarged to x Z 2 
with a three-dimensional internal flavor space. The derivative matrix D is further ex¬ 
tended to the flavor space as follows 

/I 0 0\ /k 0 0\ 

(i^(i(8)|oioj, M^M<Ziloko\=M<Zik, (9) 

\0 0 1/ \0 0 kj 

where fc is a real number coefficient. 

In this flavor space, the preon fields is assumed to be proportional to the identity 
matrix 

(a(L,R){x) 0 \ 

a{L,R) = I 0 ci{L,R){x) 0 I . (10) 

\ 0 0 a(^R,R){x)) 

For later convenience, the conjugation of the preon is renamed as [] 

^ aR^R{x). ( 11 ) 

Moreover, we assume that internal SL(3,C) matrices are associated with the preon fields 
as follows: 


(^(L,R){x) —)■ L(^R^R)a(^R^R){x), ( 12 ) 

a{L,R){x) a^R,R){x)L^lj^y (13) 

^Indeed, a^D) is not necessary to be a real Hermite conjugate of the a{x). The original paper notate 
this field b{x) 0. 
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Here, are x independent elements of the internal SL(3,C) 

Lij = exp[iA“a“ + A“.a“], (14) 

where A“, A“ are the Gell-Mann matrices with a, a = 1 — 8 . By these assumptions, the 
gauge and Higgs helds are found to be 

^{L,R) = ''^a(L,R)da(L,R) ''^d(L,R)L'[L,R)LiL,R)da(L,R) = A(^L,R)dij, 

H = '^^aLMkan E aLL^^MkLuaR -)■ HLjj^kLnkj, (15) 

Ht = E clrM kcLR —y E4 Lj^MklLaL ^ H^L-^,kkLLkr (16) 


However, since -h(L,R) are not unitary, [L2^Lr\’^ ^ and it induces non-Hermite 

Lagrangian. Even there might be several method to remedy this point, tentatively we 
further expand the representation space as follows: 


A“ ^ 






—iA“ 
0 


0 

iA“ 


k 



( 17 ) 


and all other entities are extended trivially. Then, the (anti-)Hermite generators (anti- 
)commute with /c, and then it leads to L^^kLji = kL^j^Ln. This trick is the same when 
'^1'^ is replaced by in order to construct a Lorentz invariant Lagrangian. 

Accordingly, the Lagrangian is described as 


Cd = 


{'•pLi 'IpRi) 
{'pLi PpRi) 


fipL®l H ®k \ fi)Li\ 

\W®k ipR®l) \iljRi) 

+igAiP ®lij H ®Yij 

\ W iY{d^ + igARP®lij 


(18) 



= (V'Ll '0L2 V'LS 'fpRl pJR2 'IpRs) 


/ ^dpL 

0 

0 


Y12H 

Yi3H\ 


('pL^ 

0 

ipL 

0 

Y21H 

Y22H 

Y23H 


'pL2 

0 

0 

ipL 

Y31H 

Y32H 

Y33H 


V'LS 

Y^,W 



"ipR 

0 

0 


■pRl 

YiW 

uG' 

uG' 

0 

ipR 

0 


pjR2 

Vdii/t 


4 ^' 

0 

0 

ipR } 


\pR3/ 


( 20 ) 


Here, Yij = kL^LR. Therefore, Eq (^0]) shows that the nontrivial flavor structure is 
induced retaining the gauge interactions are universal, proportional to the identity matrix. 

We can express an arbitrary matrix L G SL(3,C) by the singular value decomposition 
L = UAVP Here, U,V are 3x3 unitary matrices and A is the eigenvalue matrix 
A = diag(Ai, A 2 , A 3 ) with A 1 A 2 A 3 = 1. Then, the Yukawa interactions can be described as 

Y = VLARUlkURARVl (21) 


4 






where k is return to a usual coefficient. Redefining the fermions the 

final form of the Yukawa matrix found to be 

Y = ^LUlkUR^R. (22) 

In order to coincide the phenomenological Yukawa interactions, we require 

\l,r)z S> ^{l,r)2 S> X{l,r)i, ^LskXRs ~ 1. (23) 

Due to A 1 A 2 A 3 = 1, the first condition can be reduced to 


X{L,R)3 3> 1, X(l,R)2 3> X(l,R)1- 


(24) 


It is intriguing that the Yukawa matrix (^^ is a restricted class of the seesaw like 
formula of the partial compositeness in the composite Higgs model : 


yu.d = 


(25) 


where Xq^u,d, are arbitrary matrices, Mq^r are diagonal matrices. The Eq. (^) agree 
with Eq. d^) by setting = k, Mq^u,d = 1. Then, we can use the same formulation 
to the composite Higgs model in analyzing the Yukawa matrices. Inversely, it might be 
possible to divert the idea of SL(3,C) transformation to the partial compositeness. 

The origin of the matrices L are obscure. If the SL(3,C) transformation of fermions 
are also introduced as follows. 


'^'l = 'i/’L = (26) 

'^'r = ^'r = ^^rLr, (27) 

it leads to a trivial Yukawa interactions and the Lagrangian as before. This fact suggests 
the existence of an internal noncompact symmetry SL(3,C)i,x SL(3,C)j? which is broken 
in some manner. The nature already has the noncompact Lorentz symmetry SO(l,3) ~ 
SL(2,C), it is not peculiar to assume this kind of entity. In this picture, the matrices 
L correspond to the “Lorentz transformation” of the internal symmetry, and then, the 
hierarchy and mixing of flavor are interpreted as the “Lorentz boost” and the “rotation” 
respectively. Further study will clarify these complications. 

4 Conclusions 

In this paper, we have proposed a mechanism which induces nontrivial flavor structure 
from transformations of a noncompact Lie group SL(3,C) in NCG. Matrices L G SL(3,C) 
are associated with the preon fields as Rr^r^x) —)■ Li^RaR^R^x). In order to retain the 
Hermiticity of the Lagrangian, we assume the same trick when is replaced by 'ip'ip 
to construct a Lorentz invariant Lagrangian. As a result, the Dirac Lagrangian has 
both of flavor-universal gauge interactions and nontrivial Yukawa interactions. Removing 
the unphysical unitary transformations, Yukawa matrices found to be Yij = L^j^kLR —)■ 
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KJj'lkU rKr. Here, A; is a coefficient, H, H is 3 x 3 unitary matrix and A is the eigenvalue 
matrix A = diag(Ai, A2, A3) with A1A2A3 = 1. The Yukawa matrices in the real world 
are indeed more intricate, slightly different to the color and isospin of the each fermions. 
However, introducing the charge dependent we can induce more realistic flavor 

structures. 

It is intriguing that the Yukawa matrix is a restricted class of the seesaw like formula of 
the partial compositeness in the composite Higgs model [^: ^u,d 
Then, we can use the same formulation to the composite Higgs model in analyzing the 
Yukawa matrices. Inversely, it might be possible to divert the idea of SL(3,C) transfor¬ 
mation to the partial compositeness. 

If the matrices are originated from a broken internal symmetry SL(3,C)£,x 

SL(3,C)/j, the matrices L correspond to the “Lorentz transformation” of the internal 
symmetry, and then, the hierarchy and mixing of flavor are interpreted as the “Lorentz 
boost” and the “rotation” respectively. 
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